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HEAT TREAVLENT

Quenchiag of Hollow CylindGers

03J=CT

o

To develon a metnod of determining the conditirns
under which hollow steel cyliuders will haraen throughout,

+-]

SULLIARY OF RESUL
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s |
Lo Tae celculations of Grocsimani of sizes of %
round bars_cnd of flet nlrbtos hoving the same minimum
nerdueas when gumeactd In giryorent medla heve opeen
mosifled by ihe iitroduction »i & now brelg for com-
n-rlson,

e The metnod of Frosemenn for caleuleting the -
alloyingy elements necessary to horden a round bar
throu,shout 1is cxtonded to hollow cylinders by calcu-
lating for ell gueucihlng medla the dlemeber of the
round nrving the same cooling rete at the center as 3
the minilmun cooling rete in the wall of e hollow
cylinder,

3. The anount of alloying elements necessarye
to harden the equivalent round tnroughout may be
determined emnirically oy cusneiing round bars of i
cifferent commositions eand of vorying sizes in tae

nre-clected medium or taey mey estimated by the
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methond of Grossmann,

4, Experimentally determined sizes of solld
cylinders havinz the seme minimum hardress as hollow
cylinders quenched only on the cutside agree with the
tueory witaln 6 perceant,

o, For the particulesr conditions of the experi-
mentsg in wilen weter wag forced up the inslde of small
cylinders, the experinmentelly detefmined sizeg of solld
cylinders having the some minimum hsrdaess as the
hollow cylinders were 15 percent smaller than predicted
by thae taeory 1u wnlcu the geverity of guench on the
Inside and outside were gssuned to be the sanre.

g, It may be inferred tiint the 1nslde of the

hollov cylinders of these exmerimentis were quenched

0

ore effectively whan the nutsgide,
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: INTRODUCTION

The methoo of Grossmoann Tor calculating the efrect
of alloying elements on the hardenability of rounds
| has been described in deteil in the literature.l 0 8
After calculsting tne multinlicative effects of the
alloyins elements, » series of curves can be determined
for the effect of carbon content and aralin sizcg on
the dlamcter rvhich would Just harden taroughiout in an
ldeal quencning medium, In &n ideal quenching hedium

the curface of the round is meintained at the temper-
ature of the nedium, Thie i3 avoroximated in practice
by agltated or spraved brise, In an actusl quench,

the dlameter ol the round vhich will Just harden through-
out is the smnllest one heviang no "wlordeved cere®

visihle in eliher the frocture or tihe etol tegt, The

center of such & Jevdened round is »vorovinately

90 nercent martensitlice, After estimetin: the 1deal
dirmeter for some composition, the actual slze of round
walch woulé Jjust harden throughout may be determined
from a series of curves for different ouenchins medie
whlch relate the actual glze of round to this 1ldeal
dleneter,

A serles of curves prepored in a simller manner

l.-References ©o be found at end of renort.
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is nregented hereln 1u which the iderd round diancter
equlivalent to a nollow cylinder is wnlotted pg a funciion
tiie severlty of quench uné well ratio, From this
equivelent icdeal round dismcter the alloylng elements
neecossory Lo hinrden vhe holleow ¢ linder thioughout may
pe colculeted., The metod outlined by Grossmann is
camitiedly only an enrroxinmiie meothod of daetermining

the comvosition heviasg the desired h=rdenapility, but

1t 18 the »est rethod zvellsble for nrediction., Krowing
the sirze of round which will rorden taroughout (elther
by exneriment or by estlmation from Grossmenn's data),
the glze of tihwe cculvalent hollow cylinder may be
celeulsted vesdily, O the ctiigy hend 17 slic size of
the ollew cylinder s kuowii Lhe round size whlch riust
be hovdened throushout in the given nediun may also be
Sadeilsted,

DISCUSSION A'™D RZSULYS

4, Theoretical

In order to celculate the diometer of the solid
gteel cylinder whicli when quenched In o glven medlun
will nave wne sawe hardiacss st 1ts centver 23 the
ninimun hordiees In the wall of & hollow cylinder
quencined in the seme medium, 1t is first necessary
to determine the conditions of time »nd temverature
duriny coollng for which tie n~rduecss at the two

nositions of the two ghteel siv.res will be the sanme,

—o-
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Grossmann, in compering the herdness dlstribution from
tile center to outside of so0lid cylinders found that
the time required to reech Lalf the dlifercnce between
the quenching and final tempersture Juring cooling
determined the hordness; that 1g, if the outslde of
one solid cylinder of a glven stcel commositlon re-
quired the same time %to cool neld wey from the gquenching
pemperaturc to room temperature ag the inside of some
other cylinder or the ssme comvnosition, the hardnesses
at the especifled vositions would be very nearly the
seme, It wes noted thnt the chenee of the coollng
curvea at different vositions In solld rounds are qulte
dissimiler, If the cooling rate at tae center of one
ber 1s the srume as thst of tihe outelde of another,

tihe "helf tenperaiure times" will be widely different,
Since the time gnent selow the criitierl temperature
before trensformation is of importerce in determining
the precise producis of transformation, in compsrisons
where the initlel narts of the coollng curves are of
different suepes the time to reach holf temoerature 1s
pronahly e better criterion than that of coolins rate,

Grossmann and hils collaborator52

nresented some ex-
verimental evidence that coolinz time is the more annli-
cavle criterion of hardenabllity when nosltions other
than the cenlers of round séctions are comnared and

agsumed that thls condition is also the more applicable

o s
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1n comparing tine cooling &t the centers of different ' i
round pars.
In certaln imnortant cases, the rete of cooling
; in tue anpronriate temwerature ro=nje may be specifled
: oy a sinule perameter, ¢, in the manner indicated :
¥
( belows l
4T - -of, (1)
¢
< where T is the temmersiure of wue elenent referred
wigt of vhe quencalg mediun,  Throucshout the temner- ;
{ ature range irn vhich EZg. (1) is oveyed a2 »lot of T j
Vo, t oon seul-log nenor will ¥1o14 a etraizht 1ive, |
% Sucii & »lobt 1o nregented sz Fiz, 1 for thea centers of ' ‘
v | i
i golid cyli..ders fron ths dave of Runs%]l.lo As th ; '
1 guenching —rocseds the curves anproacn straizht lines, . E
|

The lees sovere tne que-ch or rather liae smaeller the

nroduct of ¥ (sever.iy of cuewch) times D (dizmeter of

!
("

the round) the more renidly is the asympiote anproached

For ecch dirfercnt nroduct, HD, in thils grewh tae .
Gilaeter (D) of the bsr hse teen chowsen which reanders

tae varlous egymnntotes parellel, Tne centers of the

oars represented in Fipg, 1 quenched in different medls

aeve the same "e" while their helf temnerature times

are qulie dirfferent, aaviug the ratio 2,4:3,0:4,0 for

HD equal to 0,1, endec resnceiively. Since most of the

‘J-t.
.

differences in heli tespeorstule times occurs bafore ihe
1]
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criticu) temmerature 1s reeched, it is not significant,

For thle exemrle the cuencain. temnevraturs wag ascsuned

0 . . o .
to be 1700° F, the critical temmersture, 1800 F, end
the teancrature of the wose o the "S" curve 1050° F,

The half tempersature time starting from the eritical

rather than the Iniltial temooraturs are in tne ratio |
of 2.1:12.1:2,4 vulceh 1ls not fer frow the ratio 1:1:1,
Since the difference between the initlal and criticol 3
temperacures leg verievle end very difficuvlt to fix in

actual quencning nractice Lt may be concluded that

when ceater nerdnesses asre Lo be compared the slopes

- N e e e T A o o T

of the linesr mortion of the curves of Mz, 1 are a

better measure of Uhe herdensbility than the helf

Bl R R

‘ temnerature times, Uslng this new crit - rion the ratio

of the round ¢éismeter queancned in n nedivm of quench

T e

severity F Dy, to the round diameter quenched In an
fdeal mediwm (Dsa’ ) 1s nlotited as n function of H Dgy

i as curve a Iln Fig., 2, Tals eurve Lo to be commpared

wit Flge 3 taken from Grossnenn's calculatious for

wileh the criterion of ecual half temperature times 7

. d

wo.s uscd,

3 ' Tie use of curve a in Fis, 2 may be illustrated

by an example, Let us egsume that the severity of

v
B A, e, o

quench, H, has been aeasured or estimeted end is equal
to 2, Assuming thet 1t hes also been determined ex~

perimentally by an etch test o herdness survey that

=5
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a 2,5" rouud var of a siven ateel will herden througi- .
ot wien quenched 1n tals wmedium, we wieh to know what
size round ber weuld herden in a medium of H=1, and

YUzea (ideal medium), It is first necessary to multi-

i nly Hby D wnich = 5. From Fijs, 2a 1s read tae g

SH,

| value of the ratio DSH/DS (.81). We obtein ey by g
E dividing DSH (2.6"%) by tils ratio, The ideal dinmetcer ‘ :
? ig therefere equol to &,1", A 3,1" diameter ber of E
; ]
E tiie given stocl would harden thiroushout in a mediun ?
of Infirite severity of guench, %o obteln the dlamecter £
vhicli would harden throusia in a nedium of severily E
H= 1, the valua of DSH/DSOO is Tirst read from Flg, R2a. ?
'
For = value of HDSH:: Ze5 tulis retio is equal to ,71. i
‘A The ratic of DSH:l/D H=9 ie found by dividing .71 by ' '
3 1. This fraction when multinlied by 2,5" (DSH==2) is
; equal to tae dlameter cf thc bar wihich would Just narden
throush in a medium of H =1,
The relation between the talckness of a plate
ueached in & mecium, H, and the ideal »nlate thickness -
1s rresented as curve b In Fis, 2, Thls curve is slso r
baced on the equivelence of tze "e! rather then on the
eguivzlence of walf teapersivre timea., The ideal round :
size eguivalent to tus 1deal nlrte thalckness may be !
cetermined from the follewing relation. (Annendix) é

D

= 1.,W& .
s&) -~ RN Y ‘Lw

where Loy is the ldesl mlate thickness.
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The calculetion of the ideal round dlometer equiva-

lent to a hollow cxlindar Le more

comnliented, for the

outsice ana 1insidce alanetcrs cat pe vardied indenendently.

TTe cquivelent round é&lamcter is

ve:ll ratio e fur a severity of

deterninnd for a glven

crenel: measured ny the

sroduct of Yo otimes the Alfrcreace betreca the lnside

and outside aiamolLory,
The results of ~vdoenlaticons

1

rgtie ai' sgudvelent rownd diese:s

this new criterinn eie prasentod

g (D

(Arveadix) basel on
ag Fig, 4 in whicn the

SH) to outslde

dlameter (D) 1s plotted sy function of Di/D for
1" 7o

different velucs ol H times (D_-D

0

i) wiere Di is the

inslde éisncter, D 1g the Gloaeter of tihe round walch

SH
noe the seme cooliiy rate at itus

cooliag rote 11w the wall of the

quenched in A medium of gcvority

of Fig, 2 and Fig, 4 can be best

D)

exoemnle; let ug sgsume that the

-~

of a round ig

center s the mininmunm

nolleow cylinder when

U, The use of curve a

widerstood throush an
equivealent ideal diameter

to be determined for the following siltuation:

Severity of quench (H)=1
Cutside diameter (DO):'4"
Inside dlemeter (Dy) 2"

D1 /D,
-D,
H?D =D, )

The volue of D

SH/Do corresponding

to a wall ratio of

0.5 and an H(D ~D ) value of 2 is read from Fig, 4,

Dgn/D, in thie case 1e 0,43 ond when multinlied by

-
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DO(4“), an ecguivelent round dlameter of 1,72"% is ,
obtoinea, By emnloying the grann of Fie, 2a and

tiie product D L{(1.72) and H(1), D4 /D, (0.€3) 1ig

) SH "Se0
found, DSH divided by thils ratio fixes the 1deal
round disneter equivalent to the hollow cylinder (2,7").
B, . Eiperi.ental

Tn oréer to detormine how closely the theoreti-
cal recults cutlined in the previous section annroximate
tie actual relatlicenshlves between the sizes of hollow
cylinders and rounde haviag tie srme minlmum hardness,

exporinonog Segenited In thie goction have been ner-

tormad,

L
THE Ldeg) erdclies) ddemeitay of A Sisel €1 LRE
Tollowing convogliioiy wrg cnleuleteo by the metiiod of .

Grogsarianii,

-t
Lad

C Ma Si. S E Cr Cu lMo Al
A0 79 .43 070 L0186 ,14 ,106 .16 .,004
The criticnl diemcter in nlldly ~giteted voter wos

rier sured oy quoneihing Irom 15750 F (neutral ~tmosvheres)
rouads of vorious dirmeters frouw 12" to 234" all
machined from a 28" round ber, In all coses the length
oif tuae golld cylinder veg 4 times the dlamcter, The
water in the quevching tenk wog rpitnted by a streem

of water entering from the potiton throush o *M dirmeter
aperture ot ¢bout 25 ;inl, »er minute, The dinmeters

of the unanrdencd coreg were Cetermined ofter sectioning

=5




' by eteaing with a hot sulfuric-hydrochloric acid
mixture, The critical diameter of the steel and the
4 value of the medium were then deterumined by the

metrod of Grossmann and were found to be 1.,5" and 1,4

respectively., The ldeel diameter calculated from the
comnosition was 2,2" while the measured dlameter was
equal to 2.,1". The rstlo Di/Do of the hollow cylinder
with outside dlameter of 24" and for both inside and
outside quenched whica would be equivalent to this
801id round (1.5") was read from Fig, 4 and Di/Do is
equal to .3, Tie wall zatlo (Di/DO) for the equivalent
hollow cylinder for the cage in which only, the outside
18 quenclhed wes found rrom Fig, 4 to be ,8, Five
hollow eylinders with wsll ratios (DO: 2,5") less than
each of these two critical valucs were machined from T~
thie 28" round stock., One set of five hollow cyliniders
we.s quenched from 1575o F into the water and supnorted
dlrectly over the spervure. Thin nlates vere welded
over the ends of the scecond gset of hollow cyllinders
aind thege were quenched es nearly llkes the solld cyllnders
as rossible,

The Rockwell "C" herdness distribution for each
of the hollow &nd solid cylinders was meacsured and the
minlinwn hardnesses &re nlotted in Fig, 3. A tynical
herdness survey for both inside end outslde quenching

1g ovrescnted in Fig, -7. The size of the round which




would have the same minimum herdress as each of the
rollov cylinders was cetermined from Flg. ¢, The
exnerimental devterminatlons and the corrcesnmonding
tucoretical valueces read from Fig, 4 are tabulated

iIn Table I. The differcnce between theory and ex-
verinment for the hollow cyrlinders with only the cut-
slde quencned is less than & percent, For the cace
of voth inslde ~nd outelide quenching the difference
1s ebout 15 percent, the theory nredicting a larger
equivelent round size, For trese small size cjiinders,
the iuside quenching is wore erficrcicus than the
outsidae for the norileulnr coad tinng of ocur exneri-
ment, In these experiments, 1t arvears that the
severity of quench is lerger ou insgide than the out-
side and the equivalent $01ié cylinder is :iecessarily
smallel tian thuat precdicted assumingg that the inside
end outsice of the hollow cyliuder were guenched

icentlenlly.

-10-




Helllex Gyl neens
Qrly Outgide Quenciecd

(Inc%cs) (Ingﬁes)

1,00 2,48
1815 °.48
1 1,25 ® 45

1,38 2,47

1
i 1.50 2,48

Comprrison of Tueoratical =i IZxperimental Equiva-
lent Solild Criinders (For Seme Minimum Hardnese)

Dianeter of Equivalent
Solid Cvlinder (Inches)

EXD

1,04

1,76

Theo,

1,03
1.81
1.88
1,53

13588

Botn Inside & Qutgide Quenched

.38 .48

TR




APPENDIX A
CALCULATIONS

1., General Theory

The purpose of this section is to find the relation
between the ecuivalent ideal critical diemeter (DS,O) of
e s0lilé cylinder eind of a nollow cylinder of inside di-
ameter D1 and outslde diameter Do, wiien ouenched in some
medium, Thls relation will contain as nersmeters the
severity of the guencii in the actusl medlum, H, and the
wall ratio (a) of ths inside diemeter over the outside

disameter, Thus

The mathematical nroblen to be solved is the de-
termination of the constant ¢ (Eq.l) for hollow and for
golid cylinders, for various severlties of quench,

The differentiel equatlon for heat flow 1s

3T/ 5 t=koPT. (2)

In this equation, k is the thermal dlffusion coefficlent,
vﬁ 1s the LaPlaclan operator, Since we are considering
the speclal case in waich Eq, (1) 1s satisfled, we shall
set

T:;To{exp (-ct)} U(r). (3)

Here, as in Eq. (1), T is the temperature of element

referred to that of tle cuenching medium, U 1s an unknown

|
E
i

w‘s«‘mw;»m- %3




function of coordinates, and ¢ is a constant to be

determined,
Substitution of Eq. (3) into Eq. (2) gives Ea. (5)
below as the differential equaltion for U(r); with
n®=c/k. (4)

Only those solutions of this differential eauatlion are
desired which satisfy the spprovnriate boundary condition,
The boundary condition which has been found to be fairly
accurate is given by Vewton's law of cooling, This law
states that the flow of heat across a boundary is pro-
portional to the temperature drop across that boundary.
Since the flow of heat is pronortional to the temperature
gradient, the aprropriate boundary condition is that the
temperature gradient at the boundary 1is proportional to
the difference in tempmerature betwecen the solid and the
quenching medium, The constant of pronortionality 1is
taken as -h, the gradient being teken in the direction from
the solld to the quencaing medium. The constant h 1s
equal to twice the H used by Grossmann. This boundary
condition may be written as in Eq, (8). Egs. (5) and (6)
below form the comnlete mathematical formulation of the
problem,

Differential equation for U:

VU = -m2U, (5)

Boundary condltion for U:

gradlent U=-hU at surface, (8)

A L0 i il r . , "”"""'-‘*"ﬁ“';"&w;




e Plates and Solid Cylinders

The solutlon of ticse eguations have nreviously

becn glven for the cases of & plate and of a solid

E
i
E
E
i

-

cylinder, In the case of the plate, or thickness 2L,

U=cos mx,

where m 1s tie lowest root of iths cou

Q3
(s
[
o]
3

tan nL=a/nm. (7)

In tne cese of a solld cyliacder of racdius r

U.::Jd(mr),
where m 1s the lowest root of the ecuation
J. (mr )/J (nr ) =L/m, (8)
1" s o 8

Eqs. (7) and (8) nave no solution for arbitrary
values of m, but ouly for a dlscrecte set of values.

In the nresent cage one is intercsted only in the lowest

value of m, The higner velues arc imnoritant only when
the transient effects are peilng studied,

a. Limit h=o. ¢

In the case of a very noor quenching medium, hso !

and also m-20, The left members of Eqs, (7) ard (8) may
therefore be replaced by the first term in a Taylor ox-
ransion., We obtaln
mL = h/m, (78.) !

3 mrg=h/m, (8a)

The ratio of the diamcter of the so0lid cylinder to




the thickness of equivalent plate 1g therefore given
f by the equation
r./L=2. (9)

b. Limit h= .

The case of an ideal quecncir 1s ontained oy sctting
h=e, Egs. (7) and (8) now become, with T WFitten

fopr .,
8

MLy, == /2, (7o)
mr =2,404, (8b)

S8oc

In this care we obtain tihe ratlo L

RO A A (10)

The ohserved value9 of the ratio rs/L_lies between
the above two extreme values of 1,53 and 2,0, while the
ratio 2z« calculated by Grossmenn!s method of half
temperaturce time 1is 1.57.5

3y means of EZqs. (8) and (8b), one can obtaln the
ratio rs/rs°° of the radius of a solild cylinder in an
actual quench to the radius of a solid cylinder in an
1deal quench, From Eq. (8) h/m is obtained as a .
function of e . Unon forming the quotient mr8/9.404

we obtain, by EZq. (8b), rs/r Unon forming the

se0 °
. . i

nroduct mro X (1/m) we cbtain ar . The resulting re- i
i

lation between rs/rs«a and nr_ 1s given as Fig, 2. In

this figure the first quentity is written as Ds/Dsoo ;

the latter quantity as HD In an identica) manncr, one

SH*




can obtaln froi Zaos. (7) and (7b) the ratio Lyy/Log

of the thickness of a nlate in an actual quench t
the equivalent thickness in an ideal gquench. The
result 1s given as Flg. 3a.

c. Intermediate quenches,

The ratio rs/L for intermedlate quenches has been

o

obtalned as follows., For a series of values of h/m,

the corresponding values of mL and mrs were found from

Eqs. (7) and (8), respectively. By formiug the ratio

(mrs/mL)::rs/L, and the product 2(mL) - (i/m)="2L

h,

PS/L was obtained as a function of 2Lh., The transition

of rB/L, which will be dencted by x(h), from 2 to 1,53

as h goes from o to o, is best presented by a ar

eiving (x-%., )/(X,~Xye ) &s a function of 2Ln.

s

ls glven as Fig. O,

St Hollow Cyliuder, Ingide and Ouiside Quenched

In a hollow cylinder the general solution of Zag. (

must be used, namely

U(r) =0, J (mr) -+ C, ¥, (mr),

where JO and No are Bessel functions of the first and

second type, respectively.ll The two constants must be

so cnosen as to setisfy the boundary condition (8
poth the inner a&nd the outer surfaces.

The boundery condition (8) apnlied to both t

inner and outer surfaces, gives two simultaneous linear

homogeneous equations in the two unkinowns Cy and C..

aph

This

(11)

) at

he

1

&

)
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These ecuations are soluble only i1f the determinant

of the coefficlents is zero, Tals conditlon glves the
following equation, which corresponds to Eq. (8) for a
s0lld cylinder,

m Jé(mro)-}h Jo(mro) _m Jé(amro)- h Jo(amro) N

" ] '(emr )~ h I (an
m ho(mro)—fn No(mro) m No(anro) h Io(amro)

a., Limit h =0,

One obtains the extreme case of & poor quench by
letting h, and hence &lso i, approach zero. In thls case
each Bessel function may bc repleced by the first term
in the Taylor expansion., Using the exrpansion glven 1in
reference (11), one reduces Eq., (12) to

3 mro(léa} = lu/m, (12a)

Upon dividing Eq. (8a) by Ea, (12a) one obtalns
rs/rozzl-a (13)

as the ratio of the rsdlus of the round to that of an
equivalent hollow cylinder,
b. Limit h = o0,
The extreme case of an 1deal quench le& obtalned by
letting h approach eoin Zq. (12). In this cease Eq. (12)
reduces to

Jo(mro)_"_Jo(amro)

No(mr,) No(amro)

.k - Sonasttinittodasich B S RN s s bt e T et o A




zero, one obtalns the equation

m Jé(mro)ﬁnh Jo(mro)’«-Jé(a mro) (14)

' A\t
m No(mro)-+11 No(mro) ko(a mro)

a, Limit h = o.
Proceeding as 1in Sectlon 3a, we retain only the
first terms in tihe Taylor expansion of the functions 1ln

Eq. (14). In tlils cacse Eag. (14) reduces to
% mr, (1-2°%) =h/m, (14e)
Upon compariag this equaticn with Eg, (8a), we obtaln
2
rs/rd:(l—a').

This relatica 1s given in Pig, 4.
b, Linlt h = o,
In the case of an ldeal quench, h = oo, Eq. (14)

reduces to

Jo(mro)'-_Jo(amro)

\ ~ .-T
No(mlo) ko(amro)

(14b)

This equation hes been solved grephicslly in the same
manner as was Zq. (12b). The result is given in Fig, 4.
¢. Intermedlate Quenching Rates
Vhen a — 1, the distributlon of temperature in the

hollow cylinder becomes ldentlcal to the temperature




h s e ot R i bl

Since m may be reoleced by 2.404/rs from Eq, (8b)
o

the retio rs:/ro ey oe deternined se & tfunction of a.
[h)

Tals function nas been detornired by 2 grasvhical nethod,

ané le gdvea in Fig, 4.
- = 1] 9 i £
c. Interaedinte Quenciing

Tie varinilon of the ratio x:trs/ro with severity

o quencl may best be siudied through the ratio

(x-xmg)/(xo-:co). At lesst 1n the coce of a thin hollow .
!

cylinder, a = 1, the denendonce of tnis ratio unon

n (ro—ri) will e given br the grari i Fiz, 5 which weg g

derived originelly fron o comrerisor of rounds with

W4 ey

plates in Scceticon 2 ¢, A aumerical celculsation for rs/ro

; was cerried out o Lhe cases a= 0,1 end az=0kEy Gy
% results showed thet Fiz, 5 wag aomlicable to valuecs of a . ;
at leeat as low o5 0,1, Tue intermcdiate lines in Fig, 4 é
aave been besed unon Fic, o é
4, Hollow Crlinder, Only QOusside Quenched
In the cese of & nollow cilinder quenched only on -
the outside, we rust Atain use the generel solution ~
glver 1n Za. (11)., Tae constonts Co and Cl are to e
S0 closgsen that the coundary conditin: (8) 1s satisfied
witi 1 set equal to zero st the inver osoundary, The two }
coaditiong corresmouding to tie twg boundariesllced to |
) two lirnear nomogeneous equationg in Co and Cl. These
eaquations are goluble only vhen the celerninant of the .
cocfilcients 1s zero, Upon cquating this determinant to
1 '
L
-
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[ , dlstribution throughout one-half of a plate aguenched

] on both sldes, vhosc thiclkness 1s double the real
thlckness of the hollow cylinder, The trousition i

4 'rom h--»0 Lo h—»ools therelcre obtained from Fig, 5 %

, provided the absclssa is now 2H . (Do"Di) in nlace of :
i
: H(Do"Di)' f
1. _._;

] g

0

A -

[}
.4 -
¢ e————
\ '
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